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Abstract
The subject of this paper is the numerical simulation of the interaction of two-dimensional incompressible viscous ﬂow and a
vibrating airfoil, which can rotate around the elastic axis and oscillate in the vertical direction. The numerical simulation consists
of the ﬁnite element approximation of the Navier–Stokes equations coupled with the system of ordinary differential equations
describing the airfoil motion. The arbitrary Lagrangian–Eulerian (ALE) formulation of the Navier–Stokes equations, stabilization
the ﬁnite element discretization and coupling of both models is discussed. Moreover, the Reynolds averaged Navier–Stokes (RANS)
system of equations together with the Spallart–Almaras turbulence model is also discussed. The computational results of aeroelastic
calculations are presented and compared with the NASTRAN code solutions.
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Recently study of the ﬂuid–structure interaction problems became very popular in many technical disciplines (aero-
plane industry, blade machines, civil engineering, etc.). The research in aeroelasticity or hydro-elasticity focuses on the
bilateral interaction between moving ﬂuids and structures (see e.g., [5]). The commercial codes NASTRAN, FLUENT
or ANSYS solve special problems of aeroelasticity and mainly in the linear domain. The critical ﬂuid ﬂow velocity
can be determined, but the post-ﬂutter behaviour and other nonlinear phenomena cannot be captured. The appearance
of the nonlinear post-critical limit states is not admissible in normal ﬂight regimes, and that is why it is usually not
considered. Recently, modelling of post-ﬂutter behaviour began to play an important role.
In the paper we focus on numerical simulations of aeroelastic problem of two dimensional viscous incompressible
air ﬂow and a ﬂexibly supported airfoil, where large vertical and torsional vibrations are allowed. The coupled model
represented by the system of the system of incompressible Navier–Stokes equations (INSE) and the nonlinear system
of ordinary differential equations describing the airfoil motion is considered. As for very high Reynolds numbers the
ﬂow becomes turbulent, the mathematical model based on Reynolds averaged Navier–Stokes (RANS) equations with
the Spallart–Almaras one equation turbulence model is also considered (for details on modelling of turbulence ﬂuid
model see, e.g., [23]).
For the spatial discretization of the ﬂuid (modelled by INSE/RANS) the ﬁnite element method is used. The ap-
pearance of spurious oscillations in the case of very high Reynolds numbers has to be treated. In last decades a
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number of stabilization procedures has been developed. Nevertheless, the proper choice of stabilization parameters
remain a problem for the Reynolds numbers in the relevant range 104.106. Here, the stabilization based on Galerkin
least squares method (GLS) together with grad-div stabilization is employed. The necessary mesh reﬁnement is per-
formed with the aid of anisotropic mesh generator, see [4]. The choice of stabilization parameters is motivated by
the numerical analysis of the problem (see [14]) as well as our numerical experience (see [17]). In the latter pa-
per the streamline upwind/Petrov–Galerkin method (SUPG) was used for the stabilization of the convective terms,
which stabilize only the convective term and cannot be used for the couples of ﬁnite elements that do not satisfy
Babuška–Brezzi (BB) condition (see, e.g., [7]). In this work the GLS method is employed for Taylor–Hood couple of
ﬁnite elements. Although the use of BB stable ﬁnite elements does not require the use of the pressure stabilization, our
numerical experience as well as the numerical analysis of the problem, see [6], shows, that the choice of stabilization
parameters leads to optimal convergence rates. The comparison of the numerical solution of laminar Navier–Stokes
equations to the solution of RANS equations is presented, and both results of turbulence and laminar model’s results are
compared.
1. Problem description
1.1. Fluid ﬂow model
Let us consider the computational domain t ⊂ R2 to be polygonal domain for any t ∈ 〈0, T 〉. We assume that the
boundary of t is decomposed into distinct three parts t = D ∪ O ∪ Wt , where the part Wt is the only moving
part of the boundary. The boundary of the domain is considered to be domain with Lipschitz continuous boundary. The
incompressible ﬂuid ﬂow can be described with the system of Navier–Stokes equations coupled with the continuity
equation, i.e.,
u
t
+ (u · ∇)u − u + ∇p = f, ∇ · u = 0, on t . (1)
Here, the symbol u denotes the ﬂuid ﬂow velocity, by the symbol p we denote the kinematic pressure, i.e., pressure
divided by the constant ﬂuid density  and by  we denote laminar kinematic viscosity of the ﬂuid. The system (1) is
equipped with the boundary conditions
(a) u = uD on D, (b) u = wg on Wt ,
(c) − u
n
+ (p − p0)n + 12 (u · n)
−u = 0 on O , (2)
where uD ∈ H 1/2(D) and wg(t) ∈ H 1/2(Wt ) for any t0 denotes the boundary/domain velocity. The boundary
condition (2c) in the case of being the outﬂowing part of boundary, i.e., (u · n)− = 0, it is the identical with the well
known ‘do-nothing’ condition (see [9]). The system is moreover equipped with the initial condition u(x, 0) = u0(x)
for some u0 ∈ (H 1(0))2 with ∇ ·u0 = 0. The space H 1(t ) is the Sobolev space of functions being square integrable
over domain t together with their ﬁrst-order derivatives, the space H 1/2() is the fractional Sobolev space on the
boundary . In practical computations the part boundary D is usually artiﬁcial part of boundary, where smooth
boundary conditions uD and wg(t) are usually prescribed.
In order to discretize the problem with the aid of ﬁnite element method the weak formulation has to be introduced.
We start with the deﬁnition of the velocity spaces W,X and the pressure space Q
W = (H 1(t ))2, X = {v ∈ W ; v|D∩Wt = 0}, Q = L2(t ),
whereL2(t ) is the Lebesgue space of square integrable functions over the domaint . Now, by multiplying the system
of Eq. (1) by test functions v ∈ X and q ∈ Q, the problem can be reformulated: ﬁnd u : 〈0, T 〉 	→ W such that for all
t the Dirichlet boundary conditions (2a–b) are satisﬁed and p : 〈0, T 〉 	→ Q such that for all t ∈ 〈0, T 〉 the following
equality holds:
a(u;u, p; v, q) =L(v, q), ∀v, q, (3)
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where
a(b;u, p; v, q) =
(
u
t
, v
)
t
+ ((u, v))
+ c(b;u, v) − (p,∇ · v)t + (∇ · u, q)t +B(u, p; v, q),
L(v, q) = (f, v)t , B(u, p; v, q) =
∫
O
(
1
2
(u · n)+u + p0n
)
· v dS,
where by the symbol (·, ·)t the scalar product in (L2(t ))2 and in L2(t ) is denoted, and
((u, v)) = (∇u,∇v)t , c(b;u, v) =
1
2
((b · ∇)u,∇v)t −
1
2
((b · ∇)v,∇u)t .
The existence of the weak solution of the steady and unsteady Navier–Stokes system of equations was studied under
several different conditions (see [19,21]). The existence of the weak unsteady solution has been proven by [10,13]. The
inﬂuence of different boundary conditions was studied in [9], the convergence of the numerical approximations to the
regular solution was studied, e.g., in [8]. The existence of the weak solution for viscous ﬂow over multiple rigid bodies
was studied in [3].
1.2. Structural model
The nonlinear equations of motion for an ﬂexibly supported body, see [18], reads
mh¨ + S¨ cos − S˙2 sin + khhh = −L(t), (4)
Sh¨ cos + I¨+ k= M(t),
where we have considered the possibility of large values of  and h. The following notation has been used: L(t) and
M(t) denote the aerodynamical lift force and torsional moment, respectively. The symbol m denotes the mass of the
airfoil, S and I denote the static and inertia moments around the elastic axis EO. By khh and k the bending and
torsional stiffness is denoted. Further  denotes the rotational displacement around the elastic axis EO, h denotes the
vertical displacement of the elastic axis EO, c is the airfoil chord and l is the airfoil depth. The system of Eq. (4) can be
for small value of angle , i.e.,  ≈ 0, sin  ≈ 0 and cos  ≈ 1, rewritten in the well-known formulation (see, e.g., [5]).
1.3. Coupling of ﬂuid and structure models
The aerodynamical forces acting on the airfoil can be evaluated
L = −
∫
Wt
2∑
j=1
2j nj dS, M = +
∫
Wt
2∑
i,j=1
ij nj r
ort
i dS, (5)
where rort1 = −(x2 − xEO2), rort2 = x1 − xEO1 and  is the stress tensor, i.e.,
ij = 
[
pij + 
(
ui
xj
+ uj
xi
)]
.
One should note that the ﬂuid ﬂow model (1) and the structural model (4) cannot be solved independently: clearly the
aerodynamical forces L(t) and M(t) are involved in the right-hand side of Eq. (4), on the other hand the deformation
of the computational domain t depends on the angle of rotation  = (t) and the translation h = h(t), which are the
solutions of the system of ordinary differential equations (4).
1.4. Arbitrary Lagrangian–Eulerian formulation
In the ﬂuid model (1) the time derivative can be approximated by the time difference formula. Nevertheless, the
numerical approximation of the time derivative by time difference leads to several considerable complications mainly
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caused by the fact that the mesh points change their location during one time step.With the use of mathematical concept
of arbitrary Lagrangian–Eulerian (ALE) method the original mathematical model can be reformulated in a suitable way
for the time discretization. In order to clarify the method, we start with deﬁnition of ALE mappingAt . Let us assume
that the mappingAt be a given C1 continuous bijective mapping from the reference (original) conﬁguration 0 on the
computational domain at time t (current conﬁguration) t , i.e.,At : 0 	→ t such thatAt : Y 	→ y(t, Y )=At (Y ).
Further, by the differentiating of ALE mapping At with respect to time, the domain velocity w is computed in the
reference coordinates w˜(t, Y ) = (/t)y(t, Y ) and transformed to spatial coordinates w = w˜ ◦A−1t , which means
w(t, y)= w˜(t,A−1t (y)). The set TY ={(t, y) : y=y(t, Y ), t ∈ I } denotes theALE trajectory. The time derivative with
respect to ALE trajectory is then called ALE derivative. First, the function f (t, y) has to be transformed into reference
coordinates f˜ (t, Y )=f (t,At (Y )). Then the time derivative with respect toALE trajectory TY can be easily computed
DA
Dt
f (t, y) = f˜
t
(t, Y ), Y =A−1t (y), (6)
and after signiﬁcant amount of algebra we have
DA
Dt
f = f
t
+ (w · ∇)f . (7)
With the aid of (7) the incompressible ﬂuid ﬂow motion is described by the incompressible Navier–Stokes system
of equations in a bounded domain t written in ALE formulation.
DAu
Dt
− u + ((u − w) · ∇)u + ∇p = 0, ∇ · u = 0 in t × (0, T ).
1.5. RANS equations and turbulence modelling
The use of laminarmodel leads to non-stationary solution even in the case of the ﬁxed non-complicated computational
domain. In order to test the sensitivity of the coupled model on the velocity ﬂuctuations appearing in the numerical
results, the results will be compared to the numerical approximation of RANS equations
Ui
t
− Ui + ((U − w) · ∇)Ui + P
xi
= −
∑
j

xj
u′iu′j , ∇ · U = 0, (8)
where U = (U1, U2) and P denote the time averaged velocity vector and pressure, respectively. By u′i the ﬂuctuating
parts of velocity vector are denoted. The symbol 	ij = u′iu′j then denotes the Reynolds stress tensor. For the Reynolds
stress tensor the Boussinesque approximation is used and the turbulence viscosity is approximated with the aid of
Spallart–Almaras model, see, e.g., [23]. For the comparison of the ﬂuid pattern obtained by numerical approximation
of INSE and RANS systems of equations see Figs. 1 and 2.
Fig. 1. The ﬂuid velocity and pressure isolines for inlet velocity U = 27.5m s−1 at time 10.26 (0.11 s) since releasing of the airfoil. The location of
the airfoil is h = 1.06mm and = −0.25◦.
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Fig. 2. The time averaged ﬂuid velocity isolines (on the left) and pressure isolines (on the right) for the inlet velocity U = 18m s−1, stationary
solution.
2. Problem discretization
First, we start with time partition 0=t0 < t1 < · · ·<T, tk=k, with a time step > 0 and we approximate the solution
u at time tn by un ≈ u(tn). With the deﬁnition of ALE derivative (6) we can use the second-order two-step scheme
DAu
Dt
∣∣∣∣∣
tn+1
= 3u
n+1 − 4uˆn + uˆn−1
2
, (9)
where the symbol uˆi is deﬁned as uˆi = u ◦Ati ◦A−1tn+1 at a ﬁxed time step tn+1. These leads to the modiﬁcation of the
forms a andL(·)
a(b;u, p; v, q) =
(
3un+1
2
, v
)
t
+ ((u, v)) − ((w · ∇)u, v)
+ c(b;u, v) − (p,∇ · v)t + (∇ · u, q)t +B(u, p; v, q), (10)
L(v, q) =
(
4uˆn − uˆn−1
2
+ f, v
)
t
,
In order to apply theGalerkinFEM,weapproximate the spacesW ,X,Q from theweak formulation byﬁnite dimensional
subspaces W
 ⊂ W , Q
 ⊂ Q for 
 ∈ (0,
0) and we set X
 = {v
 ∈ W
; v
|D∩Wt = 0}. Hence, we deﬁne the
discrete problem to ﬁnd an approximate solution u
 ∈ W
 and p
 ∈ Q
 such that the identity
a(u
;u
, p
; v
, q
) =L(v
, q
) (11)
for all v
 ∈ X
, q
 ∈ Q
 holds and u
 satisﬁes approximately the Dirichlet boundary conditions. In the computations
the projection based interpolation of the boundary conditions is used, see, e.g., [16]. In order to guarantee the stability
of the solution the couple of the ﬁnite element spaces (X
,Q
) should satisfy the BB condition. In our computations,
the well-known Taylor–Hood P2/P1 conforming elements on triangular meshes are used for the velocity/pressure
approximation. The standard Galerkin discretization (11) may produce approximate solutions suffering from spurious
oscillations for high Reynolds numbers. In order to avoid this drawback, the stabilization by the GLS method is applied
(see, e.g., [14,6]). The stabilization terms are deﬁned as
L(b;u, p; v, q) =
∑
K∈T

K
(
3
2
u − u + (b · ∇)u + ∇p,∇q + (b · ∇)v
)
K
,
F(v) =
∑
K∈T

K
(
1
2
(4uˆn − uˆn−1),∇q + (b · ∇)v
)
K
, (12)
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Fig. 3. The x- and y-components of velocity approximation for the laminar ﬂuid ﬂow over a ﬁnite plate for Reynolds number 2 · 105. The velocities
are compared to the Blasius analytic solution.
where the function b stands for the transport velocity, i.e., b = b − wn+1, (·, ·)K denotes the scalar product in L2(K).
For the Taylor–Hood family of ﬁnite elements the parameters K are chosen as K ≈ h2, where h is local element size.
Moreover, the additional grad–div stabilization
P(u, v) =
∑
K∈T

K(∇ · u,∇ · v)K , (13)
is introduced and we set K ≈ 1. The stabilized discrete problem reads: ﬁnd (u
 ∈ W
 and p
Q
 such that u
 satisﬁes
approximately conditions (2a,b) and
a(u
;u
, p
; v, q) +L(b
;u
, p
; v, q) +P(u
, v) =L(v, q) +F(v) (14)
for all v ∈ X
 and q ∈ Q
. The nonlinear algebraic discrete system (14) is solved on each time level tn+1 with the aid
of the linearized Oseen iterative process, i.e., we start from approximation u(0) = un, p(0) =pn, and for i = 1, . . . ,Mn
we solve the problem ﬁnd u(i+1), p(i+1) such that
a(u(i−1);u(i), p(i); v, q) +L(u(i−1);u(i), p(i); v, q) +P(u(i), v) =L(v, q) +F(v)
for all v
 ∈ X
, q
 ∈ Q
. Then set the approximate solution at the time step tn+1 to un+1 = u(Mn) and pn+1 =p(Mn).
The convergence of the stabilized ﬁnite element method was subject of interest of many studies. The stability of the
time discretized problemwas studied, e.g., in [11]. The comparison of the different treatment of the nonlinear convective
term as well as several time stepping techniques can be found in [20]. For overview of results about the numerical
analysis of the ﬁnite element method and stabilizations we refer to [15]. The numerical method was tested for a number
of benchmarks problems, e.g., the backward facing step, see [12]. In order to verify the method for approximation of
ﬂows with high Reynolds numbers (in this case Re = 2 · 105) the method was applied on the numerical solution of
the laminar viscous ﬂow over an ﬁnite plate (see [1]), and the results compared to the analytical Blasius solution, for
comparison of the boundary layer approximation see Fig. 3. The method was also applied for approximation of ﬂow
over vibrating airfoil (with given amplitude and frequency) and the comparison of ﬂow quantities to the experimental
values can be found in [18]. The coupling of the structural model and the ﬂuid ﬂow model is a delicate question. The
proper coupling is required, the explicit coupling usually cannot be used, see, e.g., [22]. Here, the strong coupling
algorithm is employed.
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2.1. Fluid-airfoil coupling algorithm
In order to ﬁnd the solution of the nonlinear problem (14) coupled with (4), the strong coupling algorithm will be
used on every time level tn+1.
(i) First, using the extrapolation of aerodynamical lift force Ln+1 ≈ 2Ln − Ln−1 and aerodynamical torsional
Mn+1 ≈ 2Mn − Mn−1 moment the system of ODE (4) is used, and the approximate computational domain
n+1 ≈ tn+1 is determined.
(ii) Next, the problem (14) is solved on the domain n+1 ≈ tn+1 using Oseen linearization.
(iii) Using the obtained approximate velocity un+1 and pressure pn+1 the aerodynamical lift force Ln+1 ≈ L(tn+1)
and the aerodynamical torsional moment Mn+1 ≈ M(tn+1) are updated. We continue with the step (i) until
convergence.
The system of ODEs (4) on time interval [tn, tn+1] is solved by fourth-order Runge–Kutta method, where the
approximate values n ≈ (tn) and hn ≈ h(tn) are used. The values of n and hn determines the deﬂections of the
domainn ≈ tn . In order to proceed from time level tn to the time level tn+1 the approximate value of the aerodynamical
lift force Ln+1 ≈ L(tn+1) and the approximate value of the aerodynamical torsional moment M˜n+1 ≈ M(tn+1) are
employed.
3. Numerical results. Conclusions
In this paperwe present the comparison of the presentedmethodwithNASTRANcomputation andwith the numerical
simulation with the aid of Spallart–Almaras turbulence model. The parameters of the structural model was set as
m=0.086622 kg, S=−0.000779673 kgm, I=0.000487291 kgm2, khh=105.109Nm−1, k=3.695582Nm rad−1,
l = 0.05m and c = 0.3m. The elastic axis is located at 40% of the airfoil,  = 1.225 kgm−3,  = 1.5 · 10−5 m s−2.
The numerical computation was performed for airfoils NACA 0012 and NACA 632—415. The computation for airfoil
NACA 632—415 as well as the comparison with the data obtained by NASTRAN computation were compared in
the paper [18]. The result shows that both method leads to comparable results, the determined critical velocity by the
presented method is in agreement with the NASTRAN computation [2]. In this paper we present the numerical results
for NACA 0012 airfoil. First, Fig. 1 show the typical ﬂuid ﬂow pattern for the vibrating airfoil (U=27.5m s−1). Similar
computation was performed with the numerical solution of Reynolds averaged Navier–Stokes (RANS) equations with
Spallart–Almaras turbulence model. The numerical results are shown in Fig. 2 (U = 18m s−1). Although the laminar
0 0.05 0.1 0.15 0.2 0.25
−6
−4
−2
0
2
4
6
8
0 0.05 0.1 0.15 0.2 0.25
−3
−2
−1
0
1
2
3
Fig. 4. The airfoil response  and h for velocity U = 30m s−1, laminar case. The frequency of the computed signal is about 11Hz, which is in
agreement with NASTRAN computation.
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Fig. 5. The airfoil response for velocity U = 27.5m s−1 and U = 40m s−1, RANS case. The ﬁgure demonstrates the change from stable behaviour
(on the left) for lower velocities to unstable (on the right) for post critical velocity.
case seems to have much less stability then the turbulent model, the numerical simulation of the coupled model (4) and
(8) predicts the critical velocity(U ≈ 37.5m s−1) correctly in agreement with the NASTRAN computation (critical
velocity U = 37.7m s−1) as well as with the coupled model for the RANS equations.
The paper describes in details the applications of the FEM to aeroelastic simulations. The applied method is based on
numerical analysis of the ﬂuid ﬂow problems, our numerical experience and proper implementation of the algorithm.
The method was proven to be efﬁcient for solution of the interaction of the ﬂuid ﬂow with ﬂexibly supported airfoil,
the comparison with NASTRAN computations shows good agreement in the technical characterization of the problem
(frequency and damping). The solution of both laminar and turbulent ﬂow was performed and similar results seems to
be comparable (Figs. 4 and 5).
Acknowledgement
The author acknowledges the ﬁnancial support of the Ministry of Education of the Czech Republic by Research
Plan MSM 6840770003 and also the ﬁnancial support of the Grant Agency of the Czech Republic by the project No.
201/05/P142.
References
[1] J. Caille, J.A. Schetz, Finite element Navier–Stokes analysis of the ﬂow about a ﬁnite plate, in: J.F. Unruh, (Ed.), American Institute of
Aeronautics and Astronautics Conference, June 1987.
[2] J. ˇCecˇrdle, J. Malecˇek, Veriﬁcation FEM model of an aircraft construction with two and three degrees of freedom, Technical Report Research
Report R-3418/02, Aeronautical Research and Test Institute, Prague, Letnˇany, 2002.
[3] B. Desjardins, M.J. Esteban, Existence of weak solutions for the motion of rigid bodies in a viscous ﬂuid, Arch. Rational Mech. Anal. 146 (1)
(1999) 59–71.
[4] V. Dolejší, Anisotropic mesh adaptation technique for viscous ﬂow simulation, East–West J. Numer. Math. 9 (1) (2001) 1–24.
[5] E.H. Dowell, A Modern Course in Aeroelasticity, Kluwer Academic Publishers, Dordrecht, MA, 1995.
[6] T. Gelhard, G. Lube, M.A. Olshanskii, Stabilized ﬁnite element schemes with LBB-stable elements for incompressible ﬂows, J. Comput. Math.
177 (2005) 243–267.
[7] V. Girault, P.-A. Raviart, Finite Element Methods for the Navier–Stokes Equations, Springer, Berlin, 1986.
[8] J.G. Heywood, R. Rannacher, Finite element approximation of the nonstationary Navier–Stokes problem. i. regularity of solutions and
second–order error estimates for spatial discretization, SIAM J. Numer. Anal. 19 (1982) 275–311.
[9] J.G. Heywood, R. Rannacher, S. Turek, Artiﬁcial boundaries and ﬂux and pressure conditions for the incompressible Navier–Stokes equations,
Internat. J. Numer. Math. Fluids 22 (1982) 325–352.
[10] E. Hopf, Über die anfangswertaufgabe für die hydrodynamischen grudngleichungen, Math. Nachr. 4 (1951) 213–231.
594 P. Svácˇek / Journal of Computational and Applied Mathematics 215 (2008) 586–594
[11] P. Kloucˇek, F.S. Rys, Stability of the fractional step -scheme for the nonstationary Navier–Strokes equations, SIAM J. Numer. Anal. 31 (5)
(1994) 1312–1335.
[12] K. Kozel, P. Louda, P. Svácˇek, J. Prˇíhoda, Finite volume and ﬁnite element methods applied to backward facing step ﬂows, in: First International
Conference “From Scientiﬁc Computing to Computational Engineering”, Patras, 2004, University of Patras, CD ROM Proceedings.
[13] J. Leray, Essai sur les mouvements plans d’un liquide visqueux que limit des parois, J. Math. Pures Appl. 13 (1934) 331–418.
[14] G. Lube, Stabilized Galerkin ﬁnite element methods for convection dominated and incompressible ﬂow problems, Numer. Anal. Math. Model.
29 (1994) 85–104.
[15] A. Quarteroni, A. Valli, Numerical Approximation of Partial Differential Equations, Springer, Berlin, 1997.
[16] P. Solin, K. Segeth, I. Dolezel, Higher-Order Finite Element Methods, Chapman & Hall/CRC Press, London/Boca Raton, 2003.
[17] P. Svácˇek, M. Feistauer, Application of a stabilized fem to problems of aeroelasticity. in: M. Feistauer, V. Dolejší, K. Najzar, (Eds.), Numerical
Mathematics and Advanced Applications, ENUMATH2003, Springer, Heidelberg, 2004, pp. 796–805.
[18] P. Svácˇek,M. Feistauer, Horácˇek, Numerical simulation of ﬂow induced airfoil vibrationswith large amplitudes, J. Fluids Struct. 2005, submitted
for publication.
[19] R. Temam, Navier–Stokes equations, Theory and Numerical Analysis, North-Holland, Amsterdam, 1983.
[20] S. Turek, Efﬁcient Solvers for Incompressible Flow Problems: An Algorithmic and Computational Approach, Springer, Berlin, 1999.
[21] R. Verfürth, Error estimates for mixed ﬁnite element approximation of the Stokes equations, RAIRO, Analyse numérique/Numer. anal. 18
(1984) 175–182.
[22] J. Vierendeels, K. Dumont, P. Verdonck, E. Dick, Analysis and stabilization of a ﬂuid–structure interaction algorithm for the implicit coupling
of rigid body motion with a black box ﬂuid solver, in: 17th AIAA Computational Flow Dynamics Conference, 2005, pp. 1–20.
[23] D.C. Wilcox, Turbulence Modeling for CFD, DCW Industries, 1993.
